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SUMMARY 
A study was conducted to determine the effect of eddy distribution on 
momentum and heat transfer near the wall in turbulent pipe flow. 
zone was of particular interest in that it is perhaps the most complicated and 
least understood region in the turbulent flow field. Six eddy diffusivity 
relationships are directly compared on their abi 1 i ty to predict mean velocity 
and temperature distributions in turbulent air flow through a cylindrical, 
smooth-walled DiDe with uniform heat transfer. Turbulent flow theory and the 
y relationships are briefly reviewed. 
derived from the eddy diffusivity relation- 
73 and Reynold's numbers ranging from 8100 
The buffer 
Veloc- 
data for fully-developed pipe flow of turbu- 
W 
y development of' the eddy diffusivi 
w i ty and temperature distributions 
ships are compared to experimenta 
lent air at a Prandtl number of 0 
to 25 000. 
INTRODUCTION 
The transfer of heat and momentum to a fluid flowing in a tube or pipe is 
a common engineering problem. 
well characterized for laminar flow, such is not the case for turbulent flow. 
Semi-empirical relationships are commonly used to derive the velocity and tem- 
perature profiles in turbulent flows. In addition, describing the flow is dif- 
ficult in the region of the flow near the wall known as the buffer zone where 
both viscous and inertial effects are important. 
Although heat and momentum transfer have been 
The present study was conducted to determine the velocity and temperature 
distributions in the buffer zone for turbulent pipe flow using various eddy 
diffusivity relationships. Six diffusivity relationships were used: Deissler's 
exponential relationship, Von Kirmin's 1 inear solution, Von Kirm6n's logarith- 
mic solution, Lin's linear relationship, Lin's polynomial distribution, and 
Reichardt's hyperbolic tangent distribution. The profiles were compared to 
experimental data for air at a Prandtl number of 0.73 and Reynold's numbers 
from 8100 to 25 000. 
tionships was determined. 
Through this comparison the accuracy of the various rela- 
BACKGROUND 
Bas ic  Equat ions 
Many f l o w s  which occu r  i n  p r a c t i c a l  a p p l i c a t i o n s  a r e  t u r b u l e n t .  The most 
s t r i k i n g  f e a t u r e  of  t u r b u l e n t  flows i s  t h a t  v e l o c i t y ,  p r e s s u r e ,  and d e n s i t y  a t  
a f i x e d  p o i n t  i n  space do n o t  remain c o n s t a n t ,  b u t  exper ience  v e r y  i r r e g u l a r  
h i g h  f requency  f l u c t u a t i o n s .  A complete t h e o r e t i c a l  f o r m u l a t i o n  o f  t u r b u l e n t  
mot ions i s  n e a r l y  i m p o s s i b l e ,  owing  t o  t h e  c o m p l e x i t y  o f  t u r b u l e n t  f l u c t u a -  
t i o n s .  I t  i s  t h e r e f o r e  conven ien t  to  c o n s i d e r  t i m e  averages o f  t u r b u l e n t  
mo t ion .  A s  such, 'a t u r b u l e n t  flow can be d e s c r i b e d  i n  mathemat ica l  t e r m s  by 
s e p a r a t i n g  t h e  m o t i o n  i n t o  mean and f l u c t u a t i n g  (or eddy ing )  components such 
t h a t ;  
where 6 denotes t h e  t i m e  average o f  t h e  u-component o f  v e l o c i t y  and u '  
denotes t h e  v e l o c i t y  f l u c t u a t i o n .  The t i m e  averages a r e  formed a t  a f i x e d  
p o i n t  i n  space and a r e  g i v e n ,  e.g. ,  by; 
where t h e  mean va lues  a r e  taken  o v e r  a s u f f i c i e n t l y  l o n g  i n t e r v a l  o f  t ime ,  to, 
for them t o  be c o m p l e t e l y  independent  o f  t i m e .  The t i m e  averaged equa t ions  o f  
c o n t i n u i t y ,  mo t ion  and energy f o r  a Newtonian f l u i d  w i t h  c o n s t a n t  
and p t h e n  become; 
h 
k, p ,  Cp, 
- 
C o n t i n u i t y :  V * u = O  
- 2- I I  
= -VP + pv u + pg - v pu u 
DU - 
D t  
- Mot i on : 
Energy: 
- - -  DT 2- 
D t  P 
= kV T - V pC T ' u '  -
(3) 
( 4 )  
(5) 
The v i s c o u s  d i s s i p a t i o n  t e r m s  o f  t h e  energy e q u a t i o n  have been n e g l e c t e d .  
A s  a r e s u l t  o f  t i m e  ave rag ing ,  a d d i t i o n a l  t e r m s  a r i s e  from t h e  i n e r t i a  t e r m s  i n  
t h e  equa t ions  o f  mo t ion  and energy which account  f o r  t h e  f l u c t u a t i o n s  i n  t h e  
f l o w .  
components o f  t h e  t u r b u l e n t  momentum f l u x ,  .ij(t) (commonly r e f e r r e d  t o  as t h e  
Reynold 's  s t r e s s e s ) .  
The t e r m s  a r i s i n g  from t i m e  smoothing t h e  e q u a t i o n  o f  mo t ion  a r e  t h e  
S i m i l a r l y ,  t i m e  smoothing t h e  energy e q u a t i o n  r e s u l t s  i n  f l u c t u a t i o n  t e r m s  
which a r e  components o f  t h e  t u r b u l e n t  energy f l u x ,  i i ' t ) .  
A s  a r e s u l t  of t h e  appearance o f  these  a d d i t i o n a l  t e r m s ,  t h e  t ime-smoothed 
equa t ions  o f  mo t ion  and energy cannot  be d i r e c t l y  s o l v e d  because t h e r e  a r e  more 
unknowns than  a v a i l a b l e  e q u a t i o n s .  
t i o n a l  dependencies o f  ; i e c t )  and q i ( t )  on t h e  s y s t e m  v a r i a b l e s  can be 
e s t a b l i s h e d .  
s ions  d i r e c t l y .  
exp ress ions  f o r  
such a t h e o r y  ( r e f .  1 ) .  I n  i t  Boussinesq hypo thes i zed  t h a t  two c o e f f i c i e n t s  of 
v i s c o s i t y  can be de f i ned  i n  t u r b u l e n c e ;  one r e a l  and t h e  o t h e r  apparen t .  
r e a l  or m o l e c u l a r  c o e f f i c i e n t ,  p, as de f i ned  by Newton's law o f  v i s c o s i t y ,  
S o l u t i o n s  can o n l y  be o b t a i n e d  i f  f u n c -  
The a im o f  p ienomeno log ica l  t h e o r i e s  i s  t o  o b t a i n  such expres-  
assume a s imp le  t u r b u l e n c e  mechanism t o  o b t a i n  
t h e  purpose of o b t a i n i n g  mean v e l o c i t y  
Boussinesq was t h e  f i r s t  t o  develop J .  
The 
( t )  
2 d t  A = -pQ 2 
dxi 
i s  independant  of R e y n o l d ' s  number, boundar ies ,  and p o s i t i o n  i n  t h e  f l u i d  
whereas t h e  apparen t  or eddy v i s c o s i t y ,  p ~ ~ ,  i s  dependent on a l l  o f  these .  
From t h i s  we have Bouss inesq ' s  Theory:  
2 3  2- 
dxi dxi 2 
where eV i s  t h e  eddy d i f f u s i v i t y  f o r  momentum. 
The ana logy  of Bouss inesq ' s  t h e o r y  for  h e a t  t r a n s f e r  a l s o  fol lows: 
(10)  
where EH i s  t h e  eddy d i f f u s i v i t y  for  hea t .  
Be fo re  Bouss inesq ' s  t h e o r y  can be a p p l i e d ,  t h e  dependency of t h e  eddy d i f -  
f u s i v i t i e s  on t h e  v a r i a b l e s  o f  t h e  system must be e s t a b l i s h e d .  
s u b j e c t  of f u r t h e r  work by P r a n d t l ,  Von K i r m i n  and T a y l o r .  P r a n d t l  deve loped 
an e x p r e s s i o n  f o r  momentum t r a n s f e r  i n  a f l u i d  (wh ich  can be ex tended t o  t h e r -  
mal energy t r a n s f e r )  by assuming t h a t  eddies move around i n  a f l u i d  v e r y  much 
as molecu les  move around i n  a gas ( r e f .  2 ) .  
T h i s  was t h e  
T a y l o r  developed a s i m i l a r  e x p r e s s i o n  by p o s t u l a t i n g  c o n s e r v a t i o n  o f  vo r -  
t i c i t y  r a t h e r  than  c o n s e r v a t i o n  o f  momentum as P r a n d t l  d i d  ( r e f .  3). 
(12)  
3 
F i n a l l y ,  Von KArmAn, on t h e  b a s i s  o f  d imens iona l  a n a l y s i s ,  extended 
P r a n d t l ' s  m i x i n g  l e n g t h  t h e o r y  by d e v e l o p i n g  an e x p r e s s i o n  f o r  t h e  m i x i n g  
l e n g t h ,  Q ( r e f .  4 ) .  
(13)  
The d i f f i c u l t y  w i t h  these exp ress ions  i s  t h a t  t h e y  cannot  a d e q u a t e l y  
d e s c r i b e  t r a n s p o r t  processes near  s o l i d  s u r f a c e s  where v i s c o u s  e f f e c t s  a r e  
i m p o r t a n t .  I n  f a c t ,  t h e  P r a n d t l  and T a y l o r  t h e o r i e s  n e g l e c t  v i s c o u s  e f f e c t s  
a l t o g e t h e r  and a r e  o n l y  a p p l i c a b l e  i n  t h e  l a r g e  t u r b u l e n t  co re  of t h e  f low 
where v i s c o u s  e f f e c t s  a r e  n e g l i g i b l e  compared t o  i n e r t i a  e f f e c t s .  
A model may be employed wh ich  r o u g h l y  d e s c r i b e s  t h e  r e g i o n s  o f  a t u r b u l e n t  
flow ( r e f .  5 ) .  The t u r b u l e n t  f low i s  subd iv ided  i n t o  t h r e e  r e g i o n s ;  t h e  t u r b u -  
l e n t  co re ,  b u f f e r  zone and t h e  v i s c o u s  s u b l a y e r  near  t h e  w a l l .  F i g u r e  1 
d e p i c t s  these t h r e e  r e g i o n s  a l o n g  w i t h  t h e  mean v e l o c i t y  (or  tempera tu re )  d i s -  
tribution in each region. In the turbulent core, energy i s  transported very 
q u i c k l y  from p l a c e  to p l a c e  by v i r t u e  o f  eddy a c t i v i t y .  
tempera ture  and v e l o c i t y  v a r y  l i t t l e  t h roughou t  t h e  t u r b u l e n t  c o r e .  V iscous  
and conduc t ion  e f f e c t s  can t h e r e f o r e  be i g n o r e d  i n  t h e  t u r b u l e n t  co re ,  and t h e  
P r a n d t l  M i x i n g  Length Theory can be a p p l i e d  t o  o b t a i n  t h e  w e l l  known nondimen- 
s i o n a l  l o g a r i t h m i c  v e l o c i t y  and tempera tu re  d i s t r i b u t i o n s  f o r  t h e  t u r b u l e n t  
c o r e  ; 
A s  a r e s u l t  t h e  mean 
A s  a consequence of n e g l i g i b l e  v i s c o s i t y  and a p p l i c a t i o n  of these  w e l l  
known phenomenological  t h e o r i e s ,  mean v e l o c i t y  and tempera tu re  d i s t r i b u t i o n s  
i n  t h e  co re  r e g i o n  o f  a t u r b u l e n t  f low can be p r e d i c t e d .  
I n  t h e  t h i n  v i scous  sub laye r  a d j a c e n t  t o  t h e  w a l l ,  v i s c o u s  and c o n d u c t i o n  
e f f e c t s  dominate i n e r t i a  and c o n v e c t i o n  e f f e c t s  ( i . e . ,  eddy a c t i v i t y ) .  S ince  
energy t r a n s f e r  by v i scous  momentum t r a n s p o r t  and conduc t ion  h e a t  t r a n s p o r t  i s  
a slow process i n  comparison w i t h  eddy t r a n s p o r t  ( i n e r t i a  and c o n v e c t i o n ) ,  
l a r g e  v e l o c i t y  and tempera ture  g r a d i e n t s  occu r  th rough  t h e  t h i n  v i s c o u s  zone. 
By n e g l e c t i n g  i n e r t i a  terms i n  the  equa t ions  o f  mo t ion  and energy,  one can 
d e r i v e  t h e  w e l l  known l i n e a r  v e l o c i t y  and tempera ture  d i s t r i b u t i o n s  f o r  t h e  
v i s c o u s  sub laye r :  
u+ = y+; T+ = Pry+ O ( Y + ( 5  ( 1 5 )  
T h i s  l i n e a r  r e l a t i o n s h i p  i s  w e l l  accepted. 
A s i t u a t i o n  i n t e r m e d i a t e  between t h a t  i n  t h e  t u r b u l e n t  c o r e  and t h e  v i s -  
cous sub laye r  e x i s t s  i n  t h e  bu f fe r  zone. I n  t h e  b u f f e r  zone energy  i s  t r a n s -  
p o r t e d  by b o t h  v i scous  (or conduc t ion )  and eddy (or c o n v e c t i o n )  e f f e c t s .  A s  a 
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r e s u l t  o f  t h e  c o m p l e x i t y  o f  t h i s  r e g i o n  i n  t h e  t u r b u l e n t  flow, t h e  b u f f e r  zone 
i s  n o t  w e l l  understood.  Numerous f u n c t i o n a l  r e l a t i o n s h i p s  for  t h e  eddy d i f f u -  
s i v i t i e s  i n  t h i s  r e g i o n  o f  t h e  f low have been proposed i n  t h e  l i t e r a t u r e .  Each 
o f  these r e l a t i o n s h i p s  which a t t e m p t  t o  d e s c r i b e  t h e  t r a n s p o r t  process near 
s o l i d  su r faces  i s  l a r g e l y  e m p i r i c a l  and a p p l i e s  o n l y  t o  an e x p e r i m e n t a l l y  
determined r e g i o n  o f  t h e  f low. F u n c t i o n a l  r e l a t i o n s h i p s  for t h e  eddy d i f f u s i v -  
i t i e s  i n  t h e  b u f f e r  zone have ranged from t h e  l i n e a r  form proposed b y  
Von K i r m i n  ( r e f .  6 > ,  
- -  E 2-1 
v - 5  
and t h e  e m p i r i c a l  e x p r e s s i o n  proposed by R e i c h a r d t  ( r e f .  71, 
(16)  
(17)  
t o  D e i s s l e r ' s  w e l l  known e x p r e s s i o n  which i s  v a l i d  from t h e  w a l l  t o  t h e  t u r b u -  
l e n t  core ( r e f .  8 > ,  
The 
d i f f u s i  v 
v e l o c i t y  
A d i r e c t  
% =  n2u+y+ [ 1 - e -n2u+y+] ; n = 0.124 
V 
v a r i a t i o n  i n  t h e  f u n c t i o n a l  form o f  these exm-essions for  
(18)  
t h e  eddy 
t i e s  i s  i n d i c a t i v e  o f  t h e  u n c e r t a i n t y  i n v o l v e d  i n  p r e d i c t  ng mean 
and temperature p r o f i l e s  for t h e  b u f f e r  r e g i o n  i n  a t u r b u  e n t  f low. 
comparison o f  t h e  v a r i o u s  eddy d i f f u s i v i t y  r e l a t i o n s h i p s  i n  t h e i r  
a b i l i t y  t o  p r e d i c t  mean v e l o c i t y  and temperature d i s t r i b u t i o n s  i n  a t u r b u l e n t  
flow i s  t h e r e f o r e  war ran ted .  
THEORY 
The i n t e n t  o f  t h i s  s t u d y  was t o  de te rm ine  t h e  e f f e c t  o f  eddy d i s t r i b u t i o n  
on momentum and h e a t  t r a n s f e r  near t h e  w a l l  i n  t u r b u l e n t  p i p e  f low, w i t h  pa r -  
t i c u l a r  i n t e r e s t  i n  t h e  bu f fe r  zone. For t h e  purpose of t h i s  a n a l y s i s ,  t h e  
r e g i o n  0 < y+ < 5 was assumed t o  be t h e  v i s c o u s  s u b l a y e r .  The r e g i o n  
5 < y+ < 30 was taken as t h e  b u f f e r  zone, and y+ > 30 was cons ide red  t h e  
t u r b u l e n t  co re ,  where y+ i s  d imens ion less  d i s t a n c e  as measured from t h e  w a l l .  
A number o f  eddy d i f f u s i v i t y  r e l a t i o n s h i p s  from t h e  l i t e r a t u r e  w e r e  d i r e c t l y  
compared on t h e i r  a b i l i t y  t o  a c c u r a t e l y  p r e d i c t  mean v e l o c i t y  and tempera tu re  
d i s t r i b u t i o n s  i n  a c y l i n d r i c a l ,  smooth-wal led p i p e  w i t h  u n i f o r m  h e a t  t r a n s f e r .  
The prob lem i s  d e p i c t e d  i n  f i g u r e  2.  A f l u i d  i s  i n  t u r b u l e n t  flow i n  a smooth 
c i r c u l a r  p i p e  o f  d i a m e t e r ,  D , a t  u n i f o r m  tempera tu re ,  T . B e g i n n i n g  a t  
z = 0, t h e r e  i s  a c o o l i n g  d e v i c e  t h a t  wi thdraws hea t  from t h e  tube  a t  a con- 
s t a n t  h e a t  f l u x ,  q . A t  some l a r g e  d i s t a n c e  downstream from t h e  s t a r t  o f  t h i s  
c o n s t a n t  w a l l  hea t  f l u x ,  t h e  r a d i a l  temperature p r o f i l e s  w i l l  have s t a b i l i z e d  
and tempera tu re  w i l l  v a r y  as a l i n e a r  f u n c t i o n  of a x i a l  d i s t a n c e ,  z .  
f ( r , z >  = Az + t ( r>  (19)  
I t  i s  a t  t h i s  p o s i t i o n  i n  t h e  flow t h a t  we compare v e l o c i t y  and tempera- 
t u r e  d i s t r i b u t i o n s  c a l c u l a t e d  from v a r i o u s  eddy d i f f u s i v i t y  r e l a t i o n s h i p s  t o  
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experimental data. The experimental velocity data used for the comparison are 
contained in tables I and 11. The experimental temperature data are contained 
in table 111. The experimental velocity data are from Laufer (ref. 9 )  and 
Deissler (ref. 10) for turbulent flow of air in a smooth, cylindrical pipe at 
Reynold's numbers ranging from 8 000 to 25 000. The temperature data are from 
Deissler (ref. 1 1 )  for turbulent air flow at Pr = 0.73 and Reynold's numbers 
ranging from 8100 to 17 000. 
An expression relating eddy distribution to velocity distribution in the 
buffer zone for turbulent pipe flow can be obtained by starting with the 
Reynold's equatioh (ref. 12). 
By applying Boussinesq's theory (eq. ( 9 ) ) ,  the Reynold's stress term can be 
written as; 
(20) 
where E,, is the coefficient of eddy diffusivity for momentum. Assuming shear 
stress is constant over the entire flow field, the Reynold's equation becomes; 
Introducing dimensionless quantities, transforming coordinates and integrating 
we arrive at an expression relating velocity distribution to eddy distribution. 
The problem of calculating the velocity distribution in the buffer zone (or the 
viscous sublayer or turbulent core) is therefore reduced to finding an adequate 
eddy distribution, solving equation (231, and comparing the results to the 
experimental data. The solution may be analytical or numerical depending upon 
the complexity of the expression for E / v .  
V 
An expression relating eddy distribution to temperature distribution in 
turbulent pipe flow is obtained by starting with the energy equation. Several 
assumptions, which are conventionally made in determining temperature profiles 
in turbulent flows, are also made here (ref. 5 ) .  As previously mentioned, the 
temperature profiles are assumed to be fully developed. Viscous dissipation i s  
neglected. Finally, heat transfer due to bulk flow is neglected since the 
buffer zone is in the near wall region. Making these assumptions and applying 
Boussinesq's theory, the energy equation becomes; 
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where q r ( Q )  i s  t h e  l a m i n a r  c o n t r i b u t i o n  t o  h e a t  t r a n s f e r  ( v i s c o u s )  and q r ( t )  
i s  t h e  t u r b u l e n t  c o n t r i b u t i o n  ( i n e r t i a l ) .  I n t r o d u c i n g  d imens ion less  q u a n t i -  
t i e s ,  t r a n s f o r m i n g  c o o r d i n a t e  systems, and i n t e g r a t i n g  we a r r i v e  a t  an expres-  
s i o n  r e l a t i n g  temperature d i s t r i b u t i o n  t o  eddy d i s t r i b u t i o n .  
(25) 
The prob lem o f  c a l c u l a t i n g  tempera tu re  d i s t r i b u t i o n s  i n  t u r b u l e n t  p i p e  
flows i s  t h e r e f o r e  reduced to  f i n d i n g  an adequate e x p r e s s i o n  f o r  eddy d i s t r i b u -  
t i o n ,  s o l v i n g  e q u a t i o n  (25)  f o r  a g i v e n  P r a n d t l  number, and comparing t h e  
r e s u l t s  t o  exper imen ta l  da ta .  
t h e  t u r b u l e n t  P rand t  
The equa t ions  o f  mot 
I f  Reyno ld ' s  analogy a p p l i e s ,  t h e r e  i s  a d i r e c t  p r o p o r t i o n a l i t y  between 
t u r b u l e n t  momentum t r a n s f e r  and t u r b u l e n t  hea t  t r a n s f e r .  By R e y n o l d ' s  ana logy  
number ( E ~ / E H  ) equa ls  one and: 
on and energy t h e n  become; 
d i z  - = - ( v  t E )  - P d r  
0 z (27) 
(28) 
A d i r e c t  p r o p o r t i o n a l i t y  e x i s t s  between momentum and h e a t  t r a n s f e r  i f  
k i n e m a t i c  v i s c o s i t y  and v/Pr a r e  n e g l i g i b l e  compared t o  eddy d i f f u s i v i t y  or 
i f  k i n e m a t i c  v i s c o s i t y  and v/Pr a r e  n u m e r i c a l l y  e q u a l .  For t u r b u l e n t  flow 
i n  p i p e s  k i n e m a t i c  v i s c o s i t y  and v/Pr a r e  n e g l i g i b l e  compared t o  eddy d i f f u -  
s i v i t y  o n l y  i n  t h e  t u r b u l e n t  c o r e .  There fo re  Reyno ld ' s  ana logy  cannot  be u n i -  
v e r s a l l y  a p p l i e d  i n  t h e  s tudy  o f  momentum and h e a t  t r a n s f e r  i n  t h e  b u f f e r  zone. 
However, f o r  gases the  k i n e m a t i c  v i s c o s i t y  and v/Pr a r e  o f  t h e  same o r d e r  o f  
magnitude ( t h e r e  i s  an e x a c t  analogy between momentum and h e a t  t r a n s f e r  i f  
P r  = 1 )  and Reyno ld ' s  analogy w i l l  h o l d  i n  t h e  b u f f e r  zone. For l i q u i d s ,  k i n e -  
m a t i c  v i s c o s i t y  i s  much l a r g e r  than  v/Pr ( t h e  r a t i o  of these two q u a n t i t i e s  
can be as h i g h  as 200 f o r  l i q u i d s )  and R e y n o l d ' s  ana logy  cannot  g e n e r a l l y  be 
a p p l i e d  d i r e c t l y  t o  hea t  t r a n s f e r  i n  t h e  near w a l l  r e g i o n  ( r e f .  6). I t  shou ld  
a l s o  be no ted  t h a t  Reyno ld ' s  analogy a p p l i e s  if shear s t r e s s  and h e a t  f l u x  v a r y  
w i t h  r a d i a l  d i r e c t i o n  a c c o r d i n g  t o  t h e  same law as w e l l  as if t h e y  a r e  c o n s t a n t  
w i t h  r a d i a l  d i r e c t i o n .  I n  t h i s  a n a l y s i s  R e y n o l d ' s  analogy was a p p l i e d ,  and 
i d e n t i c a l  r e l a t i o n s h i p s  f o r  eddy d i f f u s i v i t y  were used i n  c a l c u l a t i n g  b o t h  
v e l o c i t y  and temperature d i s t r i b u t i o n s .  
Eddy D i f f u s i v i t y  R e l a t i o n s h i p s  
Severa l  r e l a t i o n s h i p s  f o r  eddy d i s t r i b u t i o n  i n  t h e  near w a l l  r e g i o n  ( v i s -  
7 
cous s u b l a y e r  and b u f f e r  zone) were found  from a search o f  t h e  l i t e r a t u r e .  
Each r e l a t i o n s h i p  r e p r e s e n t s  a d i f f e r e n t  eddy d i s t r i b u t i o n  f o r  t h e  t u r b u l e n t  
flow. O t h e r  r e l a t i o n s h i p s  for  eddy d i s t r i b u t i o n  i n  t h e  near  w a l l  r e g i o n  o f  
t u r b u l e n t  p i p e  flows wh ich  have been suggested i n  t h e  l i t e r a t u r e  b u t  were n o t  
i n c l u d e d  i n  t h e  a n a l y s i s  of t h i s  paper a r e  r e p o r t e d  i n  r e f e r e n c e s  17 t o  20. 
D e i s s l e r  assumed t h a t  t h e  ana logy  between shear s t r e s s  produced b y  v i s c o s -  
i t y  and t h a t  produced by  t u r b u l e n c e  i s  n o t  e x a c t  s i n c e  t h e  mechanism o f  momen- 
tum t r a n s f e r  i s  d i f f e r e n t  f o r  t h e  two c o n d i t i o n s  ( r e f .  8 ) .  I n  t h e  case o f  
v i s c o u s  shear,  momentum t r a n s f e r  t akes  p l a c e  sudden ly  a t  t h e  i n s t a n t  mo lecu les  
c o l l i d e .  For t h e  J u r b u l e n t  case t h e  f l u i d  p a r t i c l e s  can c o n t i n u o u s l y  t r a n s f e r  
momentum as t h e y  t r a v e l .  He reasoned t h a t  t h i s  d i f f e r e n c e  can be absorbed i n  
t h e  eddy d i f f u s i v i t y  and e q u a t i o n  (27)  shou ld  remain  v a l i d .  Thus; 
D e i s s l e r  assumed t h a t  nea r  t h e  w a l l ,  t h e  e f f e c t s  o f  t h e  magn i tude o f  f l u i d  
v e l o c i t y  and d i s t a n c e  from t h e  w a l l  on  t h e  t u r b u l e n t  t r a n s f e r  o f  momentum must 
be cons ide red ,  whereas away from t h e  w a l l  o n l y  t h e  r e l a t i v e  magnitude o f  ve loc -  
i t y  a t  one p o i n t  as compared t o  ano the r  i s  i m p o r t a n t .  The exper imen ta l  d a t a  
a v a i l a b l e  showed t h a t  t h e  t u r b u l e n t  shear s t r e s s  ( t u r b u l e n t  t r a n s f e r  o f  momen- 
tum) becomes v e r y  smal l  near  t h e  w a l l .  A s  a r e s u l t  a l l  shear s t r e s s  i s  p ro-  
duced by  v i scous  a c t i o n  and t h e  v e l o c i t y  i s  n e a r l y  a l i n e a r  f u n c t i o n  o f  y 
( d i s t a n c e  from t h e  w a l l ) .  The second and h i g h e r  v e l o c i t y  d e r i v a t i v e s  a r e  
t h e r e f o r e  ze ro ,  and t h e  f i r s t  d e r i v a t i v e  approaches a c o n s t a n t .  By d imens iona l  
a n a l y s i s ,  D e i s s l e r  conc luded t h a t ;  
2 
E = f ( u,y, I.!- P’  a dy ’ !-! dy2 ,...) (30)  
I n i t i a l l y  D e i s s l e r  assumed t h a t  c l o s e  t o  t h e  w a l l  
t u r b u l e n t  mechanism. The r e s u l t  was; 
p / p  d i d  n o t  i n f l u e n c e  t h e  
or ,  i n  s i m p l e s t  form; 
~ = n u y  2 (32) 
n 
v e l o c i t y  d i s t r i b u t i o n s .  I n  l a t e r  work, D e i s s l e r  conc luded from h e a t  and mass 
t r a n s f e r  d a t a  a t  h i g h  P r a n d t l  and Schmidt numbers t h a t  t h e  e f f e c t  o f  p l p  can- 
n o t  be n e g l e c t e d  i n  t h e  v i s c o u s  s u b l a y e r .  Thus; 
i s  a c o n s t a n t  de termined e m p i r i c a l l y  by  D e i s s l e r  t o  be 0.124 from tube  f low 
(33) 
And by  d imens iona l  a n a l y s i s ;  
8 
E = n 2 u y F ( y )  (34) 
Reasoning t h a t  F ( n 2 u y l p l p )  shou ld  approach one as n2uy i n c r e a s e s  ( t h e  e f f e c t  
o f  k i n e m a t i c  v i s c o s i t y  becomes n e g l i g i b l e  a t  h i g h  t u r b u l e n c e  leve ls . ) ,  D e i s s l e r  
assumed a form for F as: 
F (F) = (F) 
I n  d i f f e r e n t i a l  form t h i s  becomes; 
Equa t ion  (36)  shou ld  approach z e r o  as 
( 1  - F) t o  g e t ;  
F approaches one, so we m u l t i p l y  by  
dF = d ( 1  - F) I; I 
S e p a r a t i n g  v a r i a b l e s  and i n t e g r a t i n g  y i e l d s ;  
2 [-n u y I p I p 1  F - 1 - e  
and s u b s t i t u t i o n  i n t o  e q u a t i o n  (34)  y i e l d s ;  






When Deissler's expression for eddy distribution i s  substituted into 
equa t ions  (23)  and (251, t h e  exp ress ions  for  v e l o c i t y  and tempera tu re  d i s t r i b u -  
t i  on  become ; 
+ 
dy+ 
l + n u y  2 + + [  1 - e  -n2u+y+] (40) 
The s o l u t i o n  o f  these e q u a t i o n s  i s  i t e r a t i v e  and numer i ca l  because o f  t h e  
c o m p l e x i t y  of D e i s s l e r ' s  eddy d i f f u s i v i t y  e x p r e s s i o n .  However, t h e  s o l u t i o n  
proves  v a l i d  from t h e  w a l l  to  t h e  t u r b u l e n t  co re  r e g i o n .  
9 




- =  0 
and derived the well known linear relationships for velocity and temperature 
distribution. 
u+ = y+ (43) 
T+ = Pry+ O(Y+(5 (44) 
Von K6rmin extended Nikuradse's (ref. 13) logarithmic velocity distribution for 
the turbulent core region; 
u+ = 5 . 5  + 2.51ny+ y+ - > 30 (45) 
to the buffer region. 
region was developed by using a straight line profile that joined the curve 
u+ = y+ tangentially at y+ = 5 and that crossed the logarithmic profile at 
y+ = 30. The result was a logarithmic velocity distribution for the buffer 
zone (ref. 4). 
His best estimate of the velocity profile for the buffer 
u+ = 51ny+ - 3.05 0 5 y+ 30 (46) 
The corresponding eddy distribution is; 
-- E L-1 
v - 5  ( 4 7 )  
When this eddy distribution is used the equation for temperature distribution 
be come s ; 
T+ = 51n 
- 0.632 Pr 
(48) 
Lin proposed a polynomial eddy distribution for the viscous sublayer (ref. 14). 
3 
c= (&) O(Y+(5 
V 
(49) 
Solving for velocity and temperature distribution using this relationship; 
14.5 u+ = 3 - 1 In (1 + A) ' + fi tan-l 2y+ 14.5 - ' 6  d] (50) 
y+ + 2 - & + (14.5)' 
10 
I .  
- 
1 - I n  2 
14.5Pr P r  
++ tan- '  
2y+ - 1 
14.5  pr1/3 
4- 
p r 1 l 3  
(51) 
The v e l o c i t y  d i s t r i b u t i o n  i n  t h e  s u b l a y e r  r e g i o n  by u s i n g  L i n ' s  e x p r e s s i o n  
f o r  eddy d i f f u s i v i t y  i s  n e a r l y  l i n e a r ,  v a r y i n g  o n l y  s l i g h t l y  from u+ = y+. 
T h i s  suggests t h a t  t h e  v i s c o u s  s u b l a y e r  i s  n o t  p u r e l y  l a m i n a r  as assumed i n  
Von K6rm6n's a n a l y s i s .  
p i p e  f low i n  t h e  v i s c o u s  s u b l a y e r  and d i r e c t l y  compares t h e  L i n  v e l o c i t y  d i s -  
t r i b u t i o n  and t h e  l i n e a r  p r o f i l e  to  t h e  exper imen ta l  d a t a  o f  D e i s s l e r .  
For  t h e  b u f f e r  zone, L i n  m o d i f i e d  Von K6rm6n's l o g a r i t h m i c  s o l u t i o n  t o  
s a t i s f y  t h e  v e l o c i t y  and eddy c o n d i t i o n s  from e q u a t i o n  (49) a t  y+ = 5. 
r e s u l t  f o r  t h e  bu f fe r  zone was; 
F i g u r e  3 shows t h e  v e l o c i t y  d i s t r i b u t i o n  f o r  t u r b u l e n t  
L i n ' s  
5 i y+ 5 30 (52) -- e - 0.959 v - 5  
The c o r r e s p o n d i n g  v e l o c i t y  and tempera tu re  d i s t r i b u t i o n s  a re ,  
u+ = 51n(y+ + 0.205) - 3.27 (53) 
[k 0.959 + $ 1  (54) 
T+ = 51n 
- + 0.041 P r  
R e i c h a r d t  proposed t h e  f o l l o w i n g  r e l a t i o n s h i p  for eddy d i s t r i b u t i o n  i n  t u r -  
b u l e n t  p i p e  f low ( r e f .  7). 
- =  E U[Y + - Qo 0 i y+ i 50 V 
where K = 0 .4  and q0 = 11 a r e  e x p e r i m e n t a l l y  de termined c o n s t a n t s .  
R e i c h a r d t  a l s o  suggested a r e l a t i o n s h i p  for t h e  t u r b u l e n t  c o r e  as;  
(55)  
(56) k =  ($)y+ (0.5 - R 2 > ( 1  - R )  V 
For  sma l l  
of t h e  e x p o n e n t i a l  f u n c t i o n  and h y p e r b o l i c  t angen t ,  r e s p e c t i v e l y ,  and by  con- 
s i d e r i n g  o n l y  t h e  f irst two terms i n  t h e  s e r i e s .  
y, e q u a t i o n s  (39)  and (55)  can be s i m p l i f i e d  by  s e r i e s  expans ions  
1 1. 
The r e s u l t  f o r  D e i s s l e r ' s  e q u a t i o n  (39)  i s ;  
EV - ( y + ) 4  (57) 
and for R e i c h a r d t ' s  e q u a t i o n  ( 5 5 ) ;  
EV - (y+)3  (58) 
Comparisons o f  t h e  p r e d i c t e d  va lues  o f  h e a t  and mass t r a n s f e r  w i t h  e x p e r i -  
mental  d a t a  a t  l a r g e  P r  and S c  numbers made on t h e  b a s i s  of a s t a t i s t i c a l  
a n a l y s i s  o f  t h e  exber imen ta l  d a t a  have shown t h a t  t h e  exponent shou ld  be i n  t h e  
range from 3.0 t o  3 .2  for t h e  r e g i o n  c l o s e  t o  t h e  w a l l  ( r e f .  15) .  The re fo re ,  
R e i c h a r d t ' s  r e l a t i o n s h i p  (eq .  (55 ) )  wh ich  y i e l d s  an exponent o f  3 i s  more 
l i k e l y  t o  d e s c r i b e  t h e  mechanisms o f  t u r b u l e n t  t r a n s f e r  near  t h e  w a l l  t h a n  
D e i s s l e r ' s  r e l a t i o n s h i p  (eq .  ( 3 9 ) ) .  I n  a d d i t i o n ,  R e i c h a r d t ' s  r e l a t i o n s h i p  has 
no d i s c o n t i n u i t i e s  i n  t h e  range y+ < 50, wh ich  i s  i m p o r t a n t  f o r  t h e  c a l c u l a -  
t i o n  o f  h e a t  t r a n s f e r  ( r e f .  16) .  The s o l u t i o n s  f o r  v e l o c i t y  and tempera tu re  
d i s t r i b u t i o n  u s i n g  R e i c h a r d t ' s  r e l a t i o n s h i p  a r e  numer i ca l  b u t  p rove  v a l i d  w e l l  
i n t o  t h e  t u r b u l e n t  co re  r e g i o n .  
d.y+ 
1 + 0.4 [y' - 11 t a n h  (&) ] 
u+ =I:' 
dy+ 




The i n t e n t  o f  t h i s  s t u d y  was t o  compare v a r i o u s  r e l a t i o n s h i p s  f o r  eddy 
d i s t r i b u t i o n  i n  t h e  near  w a l l  r e g i o n  i n  t u r b u l e n t  p i p e  f low. The r e l a t i o n s h i p s  
were compared based on t h e i r  a b i l i t y  to  p r e d i c t  v e l o c i t y  and tempera tu re  d i s -  
t r i b u t i o n s  t h a t  f i t  t h e  e x p e r i m e n t a l  d a t a .  Equat ions  (23) and (25)  were 
d e r i v e d  u s i n g  c l a s s i c a l  assumptions t o  p r e d i c t  v e l o c i t y  and tempera tu re  d i s t r i -  
b u t i o n s .  Few assumptions were made i n  d e r i v i n g  e q u a t i o n  (23) from t h e  e q u a t i o n  
o f  mo t ion .  However, t h e  tempera tu re  e f f e c t  on f l u i d  p r o p e r t i e s  ( t u r b u l e n t  
P r a n d t l  number e f f e c t ) ,  Reyno ld ' s  number e f f e c t  ( b u l k  f low),  and v i s c o u s  d i s s i -  
p a t i o n  were n e g l e c t e d  i n  d e r i v i n g  e q u a t i o n  (25) from t h e  energy  e q u a t i o n .  
These c l a s s i c a l  assumptions a r e  v a l i d  for t h e  purpose o f  comparing r e l a t i o n -  
sh ips  f o r  eddy d i f f u s i v i t y ,  b u t  c a u t i o n  shou ld  be e x e r c i s e d  i n  e x t e n d i n g  t h e  
scope o f  t h i s  a n a l y s i s .  For example, u s i n g  R e i c h a r d t ' s  r e l a t i o n s h i p  f o r  eddy 
d i f f u s i v i t y ,  Pe t rokhov  ( r e f .  16 )  c a l c u l a t e d  s e v e r a l  va lues  o f  Nu and f r i c t i o n  
f a c t o r  f o r  t h e  case where q and 'I: v a r y  a l o n g  t h e  r a d i u s  and t h e  case o f  
c o n s t a n t  q and 'I: ( i . e . ,  q = qo, T = T ~ ) .  The assumption o f  u n i f o r m  q and 
T produces n o t i c e a b l e  e r r o r s  i n  Nu and f r i c t i o n  f a c t o r  va lues ,  e s p e c i a l l y  
f o r  low Re and P r .  Also, f i g u r e  4 shows t h e  exper imen ta l  t empera tu re  d a t a  
used i n  t h e  a n a l y s i s  o f  t h i s  paper p l o t t e d  as a f u n c t i o n  o f  Reyno ld ' s  number. 
A s  Reyno ld ' s  number i n c r e a s e s ,  t h e  f l u i d  tempera tu re  decreases w i t h  w a l l  c o o l -  
i n g  as a r e s u l t  o f  enhanced c o n v e c t i v e  h e a t  t r a n s f e r  i n  t h e  f l u i d  due t o  b u l k  
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f low. The o v e r a l l  t empera tu re  d i f f e r e n c e  i s  -20 p e r c e n t  a t  y+ = 80 and 
decreases t o  about  5 p e r c e n t  a t  y+ = 10 fo r  R e y n o l d ' s  numbers r a n g i n g  from 
8100 t o  17 000. A r i g o r o u s  a n a l y s i s  t o  p r e d i c t  t empera tu re  d i s t r i b u t i o n s  i n  
t u r b u l e n t  p i p e  flows would i n c l u d e  t h e  e f f e c t s  o f  Reyno ld ' s  number, v a r i a t i o n s  
i n  f l u i d  p r o p e r t i e s  and v i s c o u s  d i s s i p a t i o n .  
The v e l o c i t y  d i s t r i b u t i o n s  i n  t h e  near  w a l l  r e g i o n  f o r  t u r b u l e n t  p i p e  f low 
u s i n g  t h e  s i x  eddy d i f f u s i v i t y  r e l a t i o n s h i p s  a r e  p resen ted  i n  f i g u r e s  5 and 6.  
F i g u r e  5 i s  a s e m i l o g a r i t h m i c  p l o t  o f  t h e  v e l o c i t y  d i s t r i b u t i o n  w h i l e  f i g u r e  6 
i s  a l i n e a r  p l o t  showing t h e  a c t u a l  v e l o c i t y  p r o f i l e s .  From t h e  f i g u r e s ,  i t  
can be seen t h a t  \fori K i r m i n ' s  l i n e a r  v e l o c i t y  p r o f i l e  o b t a i n e d  by  n e g l e c t i n g  
eddy e f f e c t s  and L i n ' s  r e l a t i o n s h i p  f o r  t h e  v i s c o u s  s u b l a y e r  (eq .  (49 ) )  f i t  t h e  
exper imen ta l  d a t a  o n l y  i n  t h e  r e g i o n  0 < y+ < 5 ( i . e . ,  t h e  v i s c o u s  s u b l a y e r  
r e g i o n ) .  T h i s  r e s u l t  i s  expec ted  because these r e l a t i o n s h i p s  were d e r i v e d  f o r  
t h e  v i s c o u s  s u b l a y e r .  L i n ' s  c u b i c  r e l a t i o n s h i p  a l s o  demonst ra tes  t h a t  t h e  sub- 
l a y e r  i s  n o t  p u r e l y  l a m i n a r  as o r i g i n a l l y  p o s t u l a t e d  by Von K i r m i n  i n  d e r i v i n g  
t h e  l i n e a r  v e l o c i t y  r e l a t i o n s h i p  for t h i s  r e g i o n .  L i n ' s  (eq .  (52)) and 
Von K i r m i n ' s  (eq .  ( 4 7 ) )  eddy d i f f u s i v i t y  r e l a t i o n s h i p s  wh ich  g i v e  l o g a r i t h m i c  
v e l o c i t y  s o l u t i o n s  f i t  t h e  d a t a  o n l y  i n  t h e  bu f fe r  zone ( 5  < y+ < 30) and w i t h  
reasonab le  accuracy .  However, these s o l u t i o n s  d i v e r g e  q u i c k l y  from t h e  e x p e r i -  
menta l  d a t a  i n  t h e  v i s c o u s  s u b l a y e r  and i n  t h e  t u r b u l e n t  co re .  The u t i l i t y  o f  
these two r e l a t i o n s h i p s  i s  t h a t  t h e y  p e r m i t  a n a l y t i c a l  s o l u t i o n s  f o r  v e l o c i t y  
(and tempera ture)  d i s t r i b u t i o n s  i n  t h e  b u f f e r  zone. Bo th  R e i c h a r d t ' s  (eq .  ( 5 5 ) )  
and D e i s s l e r ' s  (eq. (39)) r e l a t i o n s h i p s  f o r  eddy d i s t r i b u t i o n  f i t  t h e  d a t a  i n  
t h e  b u f f e r  zone as w e l l  as i n  t h e  v i s c o u s  s u b l a y e r  ( i . e . ,  i n  t h e  e n t i r e  near  
w a l l  r e g i o n ) .  The R e i c h a r d t  s o l u t i o n  a l s o  c o r r e l a t e s  w i t h  t h e  d a t a  w e l l  i n t o  
t h e  t u r b u l e n t  co re  (y+ > 30). A l t h o u g h  q u i t e  a c c u r a t e  and v a l i d  o v e r  seve ra l  
r e g i o n s  i n  t h e  t u r b u l e n t  f l ow  f i e l d ,  these r e l a t i o n s h i p s  r e q u i r e  r i g o r o u s  
numer i ca l  s o l u t i o n s .  
The tempera ture  d i s t r i b u t i o n s  u s i n g  t h e  eddy d i f f u s i v i t y  r e l a t i o n s h i p s  a r e  
A s  w i t h  t h e  v e l o c i t y  d i s t r i b u t i o n s ,  t empera tu re  pro-  shown i n  f i g u r e s  7 and 8. 
f i l e s  a r e  g i v e n  on b o t h  s e m i l o g a r i t h m i c  ( f i g .  7 )  and l i n e a r  ( f i g .  8)  p l o t s .  
Tab les  I V  t o  I X  c o n t a i n  t h e  a n a l y t i c a l  v e l o c i t y  and tempera tu re  d a t a  used i n  
f i g u r e s  5 to  8. Aga in ,  Von K i r m i n ' s  l i n e a r  tempera tu re  d i s t r i b u t i o n  and L i n ' s  
tempera tu re  d i s t r i b u t i o n  u s i n g  t h e  c u b i c  eddy d i f f u s i v i t y  r e l a t i o n s h i p  f i t  t h e  
d a t a  o n l y  i n  t h e  v i s c o u s  s u b l a y e r  (y+ < 5). 
t empera tu re  d i s t r i b u t i o n s  r o u g h l y  f i t  t h e  d a t a  i n  t h e  r e g i o n  10 < y+ < 30 o f  
t h e  b u f f e r  zone. These r e l a t i o n s h i p s  f o r  eddy d i f f u s i v i t y  were e x p e r i m e n t a l l y  
f i t  t o  v e l o c i t y  d a t a  and do n o t  p r e d i c t  t empera tu re  d i s t r i b u t i o n  w e l l  i n  t h e  
b u f f e r  zone (or t h e  o t h e r  r e g i o n s ) .  
for  eddy d i f f u s i v i t y  f i t  t h e  d a t a  w e l l  i n  b o t h  t h e  b u f f e r  zone and v i s c o u s  sub- 
l a y e r .  A s  was t h e  case w i t h  t h e  v e l o c i t y  d i s t r i b u t i o n ,  t h e  R e i c h a r d t  s o l u t i o n  
f i t s  t h e  d a t a  w e l l  i n t o  t h e  t u r b u l e n t  c o r e .  However, b o t h  r e l a t i o n s h i p s  
r e q u i r e  r i g o r o u s  numer i ca l  s o l u t i o n s .  
L i n ' s  and Von K i r m i n ' s  l o g a r i t h m i c  
The R e i c h a r d t  and D e i s s l e r  r e l a t i o n s h i p s  
CONCLUDING REMARKS 
The e f f e c t  o f  eddy d i s t r i b u t i o n  on v e l o c i t y  and tempera tu re  p r o f i l e s  i n  
t u r b u l e n t  p i p e  f l o w s  near  t h e  w a l l  was i n v e s t i g a t e d .  S i x  r e l a t i o n s h i p s  f o r  
eddy d i f f u s i v i t y  were examined. A l l  r e l a t i o n s h i p s  examined i n  t h e  a n a l y s i s  
a c c u r a t e l y  p r e d i c t  v e l o c i t y  d i s t r i b u t i o n s  i n  t u r b u l e n t  p i p e  flows o v e r  t h e  
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r e g i o n s  r e p o r t e d  i n  t h e  l i t e r a t u r e .  The more complex exp ress ions  f o r  eddy d i s -  
t r i b u t i o n  g e n e r a l l y  r e q u i r e  a more r i g o r o u s  numer i ca l  s o l u t i o n  b u t  y i e l d  more 
a c c u r a t e  r e s u l t s  o v e r  a w ide r  r e g i o n  o f  t h e  f low f i e l d .  
By a p p l y i n g  Reyno ld ' s  ana logy  t h e  s i x  r e l a t i o n s h i p s  f o r  eddy d i f f u s i v i t y  
were used t o  p r e d i c t  tempera ture  d i s t r i b u t i o n s .  The s c a t t e r  o f  t h e  tempera tu re  
da ta ,  t h e  dependence of f l u i d  p r o p e r t i e s  on tempera tu re  and t h e  c l a s s i c a l  
assumptions used i n  t h e  a n a l y s i s  made a compar i s ion  o f  t h e  r e l a t i o n s h i p s  d i f f i -  
c u l t  based on t h e i r  a b i l i t y  t o  p r e d i c t  t empera tu re  d i s t r i b u t i o n s .  F u t u r e  work 
shou ld  be d i r e c t e d  toward  examin ing  t h e  e f f e c t s  o f  v a r i a t i o n s  i n  f l u i d  p roper -  
t i e s ,  b u l k  flow, a'nd v i scous  d i s s i p a t i o n  when p r e d i c t i n g  tempera tu re  d i s t r i b u -  
t i o n s .  However, i t  appears t h a t  t h e  l o g a r i t h m i c  s o l u t i o n s  a r e  n o t  good cho ices  
f o r  p r e d i c t i n g  tempera ture  d i s t r i b u t i o n s  i n  t h e  bu f fe r  zone. The D e i s s l e r  and 
R e i c h a r d t  exp ress ions  f o r  eddy d i f f u s i v i t y  a r e  t h e  o n l y  r e l a t i o n s h i p s  t h a t  f i t  
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APPENDIX A 
SYMBOLS 
c o n s t a n t  
s p e c i f i c  h e a t  o f  f l u i d  a t  c o n s t a n t  p ressu re ,  J/kgK 
p i p e  d iamete r ,  m 
f u n c t i o n  o f '  
a c c e l e r a t i o n  due t o  g r a v i t y ,  9.81 m / s 2  
h e a t  t r a n s f e r  c o e f f i c i e n t ,  W/m2K 
thermal  c o n d u c t i v i t y  o f  f l u i d ,  W/mK 
P r a n d t l  m i x i n g  l e n g t h  
N u s s e l t  number f o r  h e a t  t r a n s f e r ,  hD/k 
D e i s s l e r  c o n s t a n t  (0.124) 
a b s o l u t e  f l u i d  p ressu re ,  N/m2 
P r a n d t l  number, Cpp/k 
r a t e  o f  h e a t  t r a n s f e r  p e r  u n i t  a rea ,  W/m2 
l a m i n a r  c o n t r i b u t i o n  to  h e a t  f l u x  i n  r a d i a l  d i r e c t i o n ,  W/m2 
t u r b u l e n t  c o n t r i b u t i o n  t o  h e a t  f l u x  i n  r a d i a l  d i r e c t i o n ,  W/m2 
p i p e  r a d i u s  
Reynolds number, puD/p 
r a d i a l  d i r e c t i o n  
Schmidt number, p/(pX) 
t empera tu re ,  K 
d imens ion less  tempera tu re ,  pCpu* ( i  - To)/qo 
t i m e  
t i m e  i n t e r v a l  
f l u i d  v e l o c i t y ,  m / s  
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distance from wall, m 
dimensionless distance from wall, yu*p/p 
rectangular coordinate, m 
axial direction 
coefficient’ of eddy diffusivi ty, m2/s 
coefficient of eddy diffusivity for heat, m z / s  
coefficient of eddy diffusivi ty for momentum, m2/s 
Reichardt constant (11.0) 
Reichardt constant (0.40) 
cons tan t 
Von K6rm6n constant (0.36 to 0.40) 
molecular diffusivi ty, m2/s 
fluid viscosity, kg/ms 
kinematic viscosity, pip, m 2 / s  
fluid density, kg/m3 
shear stress in fluid, kg/m2 
rij(Q) laminar contribution to ij component o f  shear stress, kg/m2 
zij‘t) turbulent contribution to ij component of shear stress, kg/m2 
Overlines: 
per unit mass 
- time smoothed 
Superscripts: 
I deviation from time-smoothed value 
( a )  1 ami nar 
(t) turbulent 
+ dimensionless parameter 
16 
Subscripts: 
i ,j coord nate 
r radia coordinate 
z axial coordinate 
0 quantity evaluated at wall 
1 quantity ev'aluated at location 1 
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APPENDIX  B 
EDDY DIFFUSIVITY RELATIONSHIPS FOR THE NEAR #ALL REGION OF 
TURBULENT P I P E  FLOW 
Many r e l a t i o n s h i p s  for eddy d i f f u s i v i t y  i n  t h e  near w a l l  r e g i o n  o f  t u r b u -  
l e n t  p i p e  f low have been suggested i n  t h e  l i t e r a t u r e .  S i x  w e l l  accepted  r e l a -  
t i o n s h i p s  for eddy d i f f u s i v i t y  were cons ide red  i n  t h e  a n a l y s i s  o f  t h i s  paper .  
Some o t h e r  r e l a t i o n s h i p s  which have been suggested i n  t h e  l i t e r a t u r e  a r e  p re -  
sented he re .  
S p a l d i n g  ( r e f .  17) has suggested " a  s i n g l e  f o r m u l a  for t h e  l aw  o f  t h e  
w a l l . "  
and d e n s i t y  o f  t h e  f l u i d  a r e  u n i f o r m :  
He suggests t h e  f o l l o w i n g  r e l a t i o n s h i p  for t h e  case when t h e  v i s c o s i t y  
S p a l d i n g  used t h e  above e q u a t i o n  t o  f i t  t h e  exper imen ta l  d a t a  and w h i l e  
t h e  f i t  was accep tab le ,  i t  was n o t  c l e a r  whether or n o t  t o  i n c l u d e  t h e  t e r m  
( 0 . 4 ~ + ) 4 / 4 ! .  
t h a t  eddy d i f f u s i v i t y  i nc reases  w i t h  t h e  f o u r t h  power o f  u+ and y+ c l o s e  t o  
the w a l l .  
The a u t h o r  e x p l a i n s  t h a t  i n c l u d i n g  t h i s  t e r m  f i t s  t h e  r e q u i r e m e n t  
The v i s c o s i t y  r a t i o  can then  be o b t a i n e d  from e q u a t i o n  (81 ) :  
M izush ina  and Og ino  ( r e f .  18) have p r e s e n t e d  exp ress ions  f o r  eddy v i s c o s i t y  
based on exper imen ta l  r e s u l t s  and have o b t a i n e d  v e l o c i t y  d i s t r i b u t i o n s  for  t h e  
near  w a l l  r e g i o n  o f  t u r b u l e n t  p i p e  f lows. 
n o l d s  number on t h e  eddy d i f f u s i v i t y .  Based on t h e  exper imen ta l  r e s u l t s ,  t h e y  
assumed t h e  f o l l o w i n g  eddy d i f f u s i v i t y  r e l a t i o n s h i p s  for t h e  near w a l l  r e g i o n :  
They a l s o  ana lyzed  t h e  e f f e c t  o f  Rey- 
+ 3  + + E 
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(83)  
(84)  
Us ing  t h e  assumptions t h a t  eddy d i f f u s i v i t y  i s  con t i nuous  and u i s  c o n t i n u -  
ous, t h e  a u t h o r s  determined t h e  va lues  of A ,  yl+, and y2+ .  By s u b s t i t u t i n g  
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t h e y  o b t a i n e d  v e l o c i t y  d i s t r i b u t i o n s  f o r  t h e  near  w a l l  r e g i o n .  
Wasan, e t  a l .  ( r e f .  19) p resen ted  a t h e o r e t i c a l  c o r r e l a t i o n  o f  v e l o c i t y  
and eddy v i s c o s i t y .  They argued t h a t  t h e  a v a i l a b l e  e q u a t i o n s ,  w h i l e  f i t  t h e  
d a t a ,  do n o t  s a t i s f y  t h e  e q u a t i o n s  o f  mean m o t i o n  near  t h e  w a l l .  I n  t h e i r  
work, t h e  v e l o c i t y  d i s t r i b u t i o n  for y+ 5 20 was as f o l l o w s .  
u+ = y+ - 1 . 0 4 ~ 1 0 - ~  ( y + I 4  + 3 . 0 3 ~ 1 0 - 6  (y+)5 (B6) 
and t h e  t u r b u l e n t  shear s t r e s s  d i s t r i b u t i o n :  
uV+ = 4 . 1 6 ~ 1 0 - 4  ( y + > 3  - 15 .15~10-6  ( y+ )4  (87)  
An e x p r e s s i o n  for  eddy d i f f u s i v i t y  i s  d e r i v e d  from e q u a t i o n s  (86)  and (87 ) :  
(88)  1 1 
= v uv+ 






4 . 1 6 ~ 1 0 - ~ ( y + ) ~  - 1 5 . 1 5 ~ 1 0 - ~  (y+I4 
F i n a l l y ,  Sherwood, e t  a l .  ( r e f .  20) have i n v e s t i g a t e d  t h e  v e l o c i t y  and 
eddy d i s t r i b u t i o n  i n  t h e  w a l l  r e g i o n .  T h e i r  work was e x p e r i m e n t a l  and i n c l u d -  
ed a flow v i s u a l i z a t i o n  of m i n u t e  t r a c e r  p a r t i c l e s .  These r e s e a r c h e r s  mea- 
sured t h e  i ns tan taneous  a x i a l  and c i r c u m f e r e n t i a l  components o f  v e l o c i t y  and 
t u r b u l e n t  i n t e n s i t y  i n  t h e  w a l l  r e g i o n ,  y = 0.2, a t  d i f f e r e n t  Reynolds numbers 
(8000 t o  50 000). They suggest t h e  f o l l o w i n g  e x p r e s s i o n  for eddy d i s t r i b u t i o n :  
E 
V 
(89) V -= 7 . 7 4 6 ( ~ + ) ~  - 32.51(u+I4  + 36 .66 (uC l5  y+ < 0 . 4  
T h e i r  va lues  of eddy d i f f u s i v i t y  a r e  s e v e r a l  t imes  g r e a t e r  t h a n  those  genera l -  
l y  a s s o c i a t e d  w i t h  y+ < 5. The a u t h o r s  c l a i m  t h a t  a d e r i v e d  r e l a t i o n  between 
eddy d i f f u s i v i t y  and y+ i n  t h i s  r e g i o n  i s  n o t  q u a n t i t a t i v e l y  v a l i d .  They i n -  
d i c a t e  t h a t  t h e i r  a x i a l  i n t e n s i t y  d a t a  a r e  i n  agreement w i t h  those  o f  L a u f e r .  
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TABLE I. - E X P E R I M E N T A L  
V E L O C I T Y  DATA FOR A I R  
( L A U F E R ,  1953) 
Dimensi on1 ess 
d istance from 
w a l l ,  
Y+ 
3 .25  
3.80 
4 .30  
5 .30  
5 .30  





8 .70  









24 .0  
25 .5  
37 .0  
42 .5  
54.0 
66.0 
Di mens i on1 ess 
ve l  oc i  t y  , 
U+ 
3.30 
3 .20  
4 .20  
4 .90  
5.20 
5 . 5 0  
6.40 
6.50 
6 . 4 0  
6.60 
8 .10  
7 .80  
9 .30  
9.60 




11 .5  
11 .4  
13.2 




1 1 . 8  
I 22 
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TABLE 11. - EXPERIMENTAL V E L O C I T Y  DATA FOR A I R  
(DEISSLER, 1955) 
Re = 8000 Re = 16 000 
Dimensi on1 ess 
d i  stance from 
w a l l ,  
Y+ 
Re = 11 000 
Y+ U+ 
Dimensi on1 ess 
Re = 19 000 
Y+ + U+ 
v e l o c i t y ,  
U+ 
Re = 14 000 
Dimensi on1 ess 
d i s tance  from 
w a l l ,  
Y+ 

























































































































U+ I y+ I u+ 
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Re 8100 
0 i mens i on1 es s 
di  stance from 













Re = 15 000 
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TABLE I V .  - ANALYTICAL DATA FOR LINEAR VELOCITY 
AND TEMPERATURE DISTRIBUTIONS I N  VISCOUS 
SUBLAYER 




























































































vel oci ty , 
U+ 








































TABLE V. - ANALYTICAL DATA FOR VELOCITY AND 
TEMPEATURE PROFILES I N  VISCOUS SUBLAYER 
[ L I N ,  et al.; E/V = (y+/14.5)3.] 
Dimensionless Dimensionless Dimensionless 
distance from temperature, velocity , 
wall, 
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TABLE V I .  - ANALYTICAL DATA FOR VELOCITY AND 
TEMPEATURE DISTRIBUTIONS IN BUFFER ZONE 
[VON KARMAN; E/V = y+/5 - 1.0.3 
Dimensi on1 ess 
d i s t a n c e  from 












































t e m p e r a t u r e  , 
T+ 











































v e l  o c i  t y  , 
U+ 
Pr = 1.0 
----- ----- 







































TABLE V I I .  - ANALYTICAL DATA FOR VELOCITY AND 
TEMPERATURE DISTRIBUTIONS I N  BUFFER ZONE 



























































































Oimensi on1 ess 
velocity, 
U+ 











































TABLE V I I I .  - ANALYTICAL DATA FOR V E L O C I T Y  AND TEMPERATURE D I S T R I B U T I O N S  NEAR THE WALL 






































































































vel oci ty , 
U+ 

















































































































































Dimensi on1 ess 
velocity, 
U+ 















































TABLE I X .  - ANALYTICAL DATA FOR VELOCITY AND TEMPERATURE DISTRIBUTIONS NEAR 7HE WALL 
2 + +  [DEISSLER; d v  = n2u+y+[1 - e-n Y 1; n = 0.124.1 
Dimensionless 
d is tance from 
















































Dimensi on1 ess 
temperature, 
T+ 















































Dimensi on1 ess 
ve l  o c i  t y  , 
U+ 
















































d is tance from 

































































































v e l o c i t y ,  
U+ 














































/- FULLY DEVELOPED 
TURBULENT FLOW 
y = DISTANCE FR& 
WALL 
FIGURE 1. - VELOCITY DISTRIBUTION FOR TURBULENT FLOW I N  
TUBES (REGION NEAR TUBE WALL). (REPRODUCED FROn 
REF. 5.) 
FLUID AT TERPERATURE T i  I N  FULLY 
DEVELOPED TURBULENT FLOW 
, 
I ‘-COOLING COIL TO WITHDRAW 
z = o  HEAT AT CONSTANT WALL 
FLUX q, 
FIGURE 2. - TURBULENT TUBE FLOW WITH CONSTANT HEAT FLUX AT WALL. (REPRODUCED FROM REF. 5 )  
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Y+ 






,-c- 8 000 
-0- 10000 -+- 12 800 
--&.- 15 000 
---e--- 17 000 
I I 1 
90 60 80 100 
Y +  
FIGURE 4. - EFFECT OF REYNOLD'S NUMBER ON TEMPERATURE DISTRIBUTION FOR TURBULENT 
P I P E  FLOW. 
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0 LAUFER AIR DATA 
0 DEISSLER AIR DATA 
VON KARMAN E/V  = 0 
E/V = f - 0.959 LIN --- 
5 
E/V = y'- 1 
5 
--- VON KARMAN 
E / V =  (6) 3 
Y+ 
FIGURE 5. - VELOCITY DISTRIBUTIONS FOR TURBULENT PIPE FLOW. 
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2o I i , : ; 
LAUFER AIR DATA 
DEISSLER AIR DATA 
VON KARMAN E/U = 0 
LIN E/v = L -  0.959 
5 
VON KARMAN E/U = y*- 1 
5 
RE ICHARDT 





0 20 40 60 80 100 
Y+ 
FIGURE 6. - VELOCITY DISTRIBUTIONS FOR TURBULENT PIPE FLOW. 
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0 DEISSLER DATA. Pr = 0.73. Re = 8100 TO 17 OOO 
RElCHARDl ---- 
DE I SSLER e /u = n2u+y+ [I - e-n 






1 2 4 6 8 1 0  20 40 60 80 100 
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0 DIESSLER DATA, Pr = 0.73. Re = 8100 TO 17 000 
E/V = 0 .___----- VON KARMAN 
--- L I N  E/V = f -  0 . 9 5 9  
5 
E/V  = It- 1 
5 --- VON KARMAN 
____ REICHARDT 
- DEISSLER 
----- L I N  E / V =  ( - 4 3  
I I 
20 40 60 80 100 
Y+ 
FIGURE 8. - TEMPERATURE DISTRIBUTIONS FOR TURBULENT P I P E  FLOW. 
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